This work presents an analysis of relationships between the non-linear vibrations in machining and the machined surface quality from an analytical model based on a predictive machining theory. In order to examine the influences of tool oscillations, several non-linear mechanisms were considered. Additionally, to solve the non-linear problem, a new computational strategy was developed. The resolution algorithm significantly reduces the computational times and makes the iterative approach more stable. In the present approach, the coupling between the tool oscillations and (i) the regenerative effect due to the variation of the uncut chip thickness between two successive passes and/or when the tool leaves the work (i.e., the tool disengagement from the cut), (ii) the friction conditions at the tool-chip interface, and (iii) the tool rake angle was considered. A parametric study was presented. The correlation between the surface quality, the cutting speed, the tool rake angle, and the friction coefficient was analyzed. The results show that, during tool vibrations, the arithmetic mean deviation of the waviness profile is highly non-linear with respect to the cutting conditions, and the model can be useful for selecting optimal cutting conditions.
Introduction
In machining processes, the tool self-excited vibrations represent a significant limiting factor for manufacturing process optimization and machining efficiency. Due to the international economic competition, manufacturers must increase productivity and improve product quality. Tool chatter induces a poor surface finish and reduces the tool life. During cutting, tool vibrations generate a wavy surface on the workpiece between two consecutive cuts. Thus, the regenerative effect results in a variation over time of cutting conditions (cutting speed, undeformed chip thickness, rake and clearance angles), tribological behavior at the tool-chip interface, and cutting forces.
In previous work, several studies showed that surface roughness is significantly affected by the cutting conditions. The effects of tool vibrations were studied in References [1, 2] . Research conducted in References [3] [4] [5] examined the evolution of the machined surface roughness in terms of cutting parameters in a turning operation. The correlation between the tool wear and the surface roughness was analyzed in Reference [6] for finish turning operations. In Reference [7] , the authors presented a method to measure the surface topography in real time during cutting. An experimental approach to correlate the surface roughness with tool vibrations in turning operations was proposed in Reference [8] . In Reference, [9] the authors developed an empirical model to predict the quality of the surface finish by using experimental data (cutting parameters and tool vibrations). The influence of cutting vibrations on the machined surface in the boring of steel was studied in Reference [10] . In Reference [11] , the authors proposed an experimental procedure to study the relationships between the machined surface irregularities and the tool vibration in a turning process. Reference [12] presented an experimental study on the dimensional errors induced by tool deflection in high-speed milling. To improve the machined surface quality during precise ball end milling, the authors of Reference [13] minimized cutting forces and vibrations by using signal-to-noise (S/N) ratio and gray relational analysis. Furthermore, to analyze the coupling between the machining operation and vibrations, several theoretical studies of chatter stability were developed using linear analysis of the stationary cutting under regenerative conditions. The first models of self-excited vibration in orthogonal cutting were developed in References [14] [15] [16] [17] [18] . These authors identified dynamic cutting forces as the source of regenerative vibrations. An enhanced dynamic model in turning, including the effect of plowing forces, was presented in Reference [19] . The stability lobe diagram was determined from a time delay differential equation in Reference [20] . To analyze the dynamics of boring processes, the authors of Reference [21] used time domain modeling. Reference [22] presented the generalized dynamics of metal-cutting processes such as turning, boring, drilling, and milling. In Reference [22] , the cutting forces were supposed to be propositional to the uncut chip area (mechanistic model) and the vibration marks left on the finish surface were determined in the discrete time domain. The shear plane model of the chip formation process was used in Reference [23] in a dynamic cutting force model for orthogonal cutting. A similar approach was proposed in Reference [24] where the dynamic cutting operation was assimilated to an equivalent series of steady-state cutting process with the time-varying uncut chip area, clearance angle, and rake angle. A dynamical model for surface roughness, considering a rigid cutter and flexible workpiece system, was proposed in Reference [25] . The influence of tool runout on surface topography in end milling was investigated in Reference [26] . The stability during micro end milling was studied in Reference [27] . For high-speed milling, the authors of Reference [28] developed a dynamic model to analyze the coupling between machined surface roughness and process conditions in face milling. To estimate the surface roughness parameters during finish cylindrical milling, the authors of Reference [29] developed an analytical model including tool dynamic deflections and static errors of the machine-tool-holder-tool system. A model of micro ball end milling forces, considering runout and tool axis inclination, was developed in Reference [30] using a mechanistic approach. In Reference [31] , the authors analyzed relationships between the surface roughness and the instantaneous tool displacements during ball end milling.
In order to examine the influence of the dynamic cutting process on the machined surface quality, different non-linear mechanisms resulting from the relative movement between the tool and the chip must be considered. In the literature, it was shown that cutting vibrations depend on different sources of non-linearities such as the coupling between the tool oscillations and (i) the friction conditions at the tool-chip interface [32] [33] [34] , (ii) the tool rake angle [24, 34] , (iii) the clearance angle [34, 35] , and (iv) the material flow in the primary shear zone [34, 35] .
Surface quality is an important factor affecting the component functioning. Therefore, to model the correlation between the tool oscillations and the surface quality of the machined workpiece, we have to consider a non-linear approach, as shown in Section 2. Additionally, despite the fact that a large number of studies on modeling of chatter vibrations were reported in the literature, further investigations are required to understand the coupling between the complex metal-cutting phenomena, the tool vibrations, and the surface finish.
This paper presents an analysis of relationships between the non-linear vibrations in machining and the machined surface quality from an analytical model based on a predictive machining theory. Several non-linear mechanisms were considered. In the present approach, the coupling between the tool oscillations and (i) the regenerative effect due to the variation of the uncut chip thickness between two successive passes and/or when the tool leaves the work (i.e., the tool disengagement from the cut), (ii) the friction conditions at the tool-chip interface, and (iii) the tool rake angle was considered. In order to examine the effects of cutting conditions on the machined surface, a new computational strategy was applied to the analytical model developed in Reference [34] . The proposed algorithm allows (i) significantly reducing the computational times when the non-linear approach is used, (ii) taking into account the variation of the uncut chip thickness when the tool leaves the work, and (iii) making the iterative approach more stable. Note that, in Reference [34] , the model was developed for the chatter stability analysis, and the iterative approach is not applicable when the tool leaves the work. The correlation between the surface quality, the cutting speed, the tool rake angle, and the friction coefficient was analyzed.
Analytical Modeling
The tool oscillations generate a wavy surface on the workpiece. To model the dynamic process, the cutting operation was supposed to be equivalent to a series of steady-state cutting processes defined by the instantaneous cutting direction x as shown in Figure 1 (x represents the direction of the relative velocity of work material with respect to the tool). The associated instantaneous cutting conditions V , α , and s represent the cutting speed, the tool rake angle, and the uncut chip thickness, respectively, of the equivalent cutting process (see Figure 2 ). In addition, the dynamic orthogonal cutting process was assimilated to a single degree of freedom in the feed direction (y-direction; see Figure 1 ) and the dynamic cutting forces were obtained from the predictive machining theory proposed in Reference [34] .
According to Reference [34] , the forces exerted on the tool in the dynamic process (i.e., cutting force F c and feed force F f ; see Figure 2 ) are given by
where the cutting forces were determined with respect to the instantaneous cutting direction x defined by the angle δ(t) ( Figure 1 ) as follows:
In Equations (1) and (2), y(t) is the tool displacement in the feed direction (y-direction), φ is the shear angle, λ is the friction angle, τ is the shear stress in the primary shear zone, and w is the width of cut. V is the cutting speed in the stationary case (i.e., without vibrations).
Due to the tool oscillations (i.e., δ(t) 0), the instantaneous values of tool rake angle α , cutting velocity V , uncut chip thickness s , and chip velocity V c change with time as follows:
where α, V, and s represent the stationary cutting conditions (i.e., without vibrations). The duration T is the time delay between two consecutive cuts. When the cutting tool leaves the work (i.e., (s + y(t − T) − y(t)) ≤ 0), the undeformed chip thickness s and the forces exerted on the tool become null.
1 Figure 1 . Tool-workpiece interaction during the dynamic cutting process, which was assimilated to a single degree of freedom in the feed direction (y-direction). The stationary cutting parameters (i.e., without vibrations) α, V, s, and φ represent the tool rake angle, the cutting speed, the uncut thickness, and the shear angle, respectively. y(t) is the tool displacement during the tool vibrations. In order to determine the tool oscillations, we have to calculate the dynamic shear angle φ ′ from the non-linear Equation (5) at each instant t by combining an iterative approach, such as Newton-Raphson, with a numerical method for the integration of the non-linear Equation (8 
y(t-T)
Primary shear zone Figure 2 . At each time t, an equivalent cutting steady-state operation is introduced. The associated instantaneous cutting conditions V , α , and s represent the cutting speed, the tool rake angle, and the uncut chip thickness, respectively.
In dry cutting, the friction angle λ at the tool-chip interface is a decreasing function of the chip velocity V c .
The constants µ 0 and q (q ≤ 0) can be determined from steady-state orthogonal cutting tests. By using the Merchant law, the dynamic shear angle φ is determined from a non-linear equation as follows:
The constant K depends on the workpiece material. It should be noted that, during the tool vibrations, the shear stress τ in the primary shear zone oscillates around a stationary value τ. However, in order to use an analytical approach in the present dynamic model, the dynamic cutting process was assimilated to a series of steady-state cutting processes with varying undeformed chip thickness. Thus, the variation of τ with time t was neglected (i.e., τ τ) and τ was estimated from the thermomechanical model [34] .
The shear stress τ 0 was determined from the following non-linear equation:
where h is the thickness of the primary shear zone, γ h = cos α/sin φ cos(φ − α) is the total shear strain, and .
γ is the shear strain rate deduced from the thermoviscoplastic behavior of the workpiece material (for more details, see Reference [36] ). The stationary shear angle φ is supposed to be given by the Merchant law: 2φ + λ − α = K. The constant K depends on the work material. For fixed values of α and V, the shear angle φ is calculated from the Merchant law using the Newton-Raphson method. Furthermore, the shear stress τ 0 (V, α) is determined from Equation (7) by combining Gauss integration and the Newton-Raphson scheme.
In the present work, the dynamic orthogonal cutting process was assimilated to a single degree of freedom in the feed direction (y-direction), as shown in Figure 1 . Thus, in the fixed frame xOy, the equation of motion is as follows:
where y(t), m, c, and k represent the vertical position of the tool tip, the equivalent mass of the dynamic system, the damping coefficient, and the equivalent stiffness, respectively. Note that, in Equation (8), the plowing force is neglected. According to Reference [34] , this assumption is acceptable when the cutting is large enough. In order to determine the tool oscillations, we have to calculate the dynamic shear angle φ from the non-linear Equation (5) at each instant t by combining an iterative approach, such as Newton-Raphson, with a numerical method for the integration of the non-linear Equation (8) . This approach was proposed in Reference [34] but it is not applicable when the tool leaves the workpiece (i.e., the tool disengagement from the cut). Thus, to examine the influence of non-linear vibrations by varying the cutting conditions over a wide range, an appropriate numerical strategy must be used.
In the present study, a new calculation strategy is proposed, which allows reducing the computational time and makes the iterative approach more stable. The algorithm was decomposed into two steps. Firstly, the function φ (δ) was deduced from the numerical solution of Equation (5) using the Newton-Raphson scheme. Secondly, for given values of cutting conditions, the tool tip displacement y(t) and its velocity . y(t) were determined from Equation (8) in terms of y(t − ∆t), . y(t − ∆t), and φ (δ) using the Runge-Kutta method (∆t is the step size). Note that the use of the function φ (δ) also significantly simplifies the resolution algorithm.
Results and Discussion
To analyze the effects of dynamic cutting conditions on the machined surface, the model was applied to an orthogonal cutting operation. The work material was 42CrMo4 steel (AISI 4142). The chemical composition and thermo-mechanical properties are specified in Tables 1 and 2 . The cutting tool corresponds to an uncoated CERMET insert without a chipbreaker. Note that, in the model, the tool was taken into account through the rake angle and the friction coefficient. Its behavior was supposed to be described by the Johnson-Cook law. The model parameters were determined in Reference [34] as follows: µ 0 = 0.64, q = −0.1 (friction law), k = 1.55 × 10 7 Nm −1 , m = 4.719 kg, and c = 934 Ns m −1 (dynamic parameters). The orthogonal cutting operation was a simplified two-dimensional process satisfying the plane strain condition to prevent the extensive deformation perpendicularly to the cutting direction. This condition corresponds to the case where the ratio w/s (width of cut/uncut chip thickness) is large enough. This machining operation can be performed on a CNC lathe by turning a tubular specimen with a tool having a cutting edge perpendicular to the cutting direction (parallel to the cutting speed direction). In addition, to obtain a one-degree-of-freedom system in the feed direction, the tool section (toolholder) can be reduced so that its rigidity in this direction becomes smaller than that in the cutting direction. The feed direction was parallel to the tube axis (workpiece). For the model application, dry machining with a workpiece with an outer diameter D of 60 mm (the machined length was πD) and a thickness w of 1.5 mm was considered. To analyze the machined surface quality, a wide range of cutting speed V (from 50 to 600 m/min) was used. Two rake angles α (−10 • and 0 • ) were selected, and the feed rate was fixed to 0.01 mm/rev. (s = 0.01 mm). The machining duration corresponded to 30 revolutions of the workpiece for each cutting condition. As it was indicated previously, we assumed that the dynamic cutting process was equivalent to a series of steady-state cutting processes with varying cutting conditions due to the tool oscillations. According to this approach, the shear stress τ in the primary shear zone was determined using a thermomechanical approach [34] including the thermoviscoplastic behavior of the workpiece material. Thus, the obtained function τ(V, α) (V is the cutting speed and α is the tool rake angle) can be used in the calculation of the dynamic cutting forces F c and F c by considering the instantaneous value of cutting speed V and rake angle α (see Equation (1) and Figure 2) . To analyze the function τ(V, α), the following cutting conditions were considered: 50 m/min ≤ V ≤ 600 m/min and −10 • ≤ α ≤ 10 • . The model results show that the effects of cutting speed and tool rake angle were negligible.
The tool oscillations, related to the structural dynamics of the machine tool, generate a wavy surface on the machined surface. Thus, considering two successive passes (i.e., after a complete rotation of the workpiece), the uncut chip thickness varies during the cutting process. This regenerative effect induces a continuous modulation of the cutting forces and affects the machined surface quality, as presented in Figure 3 . The influence of cutting speed V on the simulated surface profile is reported in Figure 3 . It can be noted that this effect became smaller when V > 200 m/min. This tendency resulted from two effects. Firstly, the stability analysis based only on the regenerative effect showed that the dynamic cutting process became more stable when the cutting speed was increased, as reported in References [20, 34, 35] . Indeed, the chip load variation during tool vibrations is characterized by the phase angle ϕ between two successive passes. The value of ϕ depends on the rotational speed of the spindle and the tool-workpiece system frequency. For instance, if ϕ = 0, the cutting forces remain constant. Thus, depending on the value of ϕ, the excitation due to the chip load variation injects energy into the dynamic system or extracts energy from it. The regenerative effect leads to the classical stability lobe diagram. The second effect was related to the variation of the mean friction coefficient µ at the tool-chip interface in terms of cutting speed V. Since µ is a decreasing function of V through the friction law µ = µ 0 (V c ) q (the chip velocity V c is given by Equation (3)), the cutting forces (F c , F f ) decreased and the cutting process became more stable. Note that the variation of cutting forces in terms of µ was more significant for the feed force F f than for the cutting force F c . Figure 3 reveals also that the simulated surface profile did not vary as a monotonous function of V. This trend directly resulted from the stability lobe diagram, which showed that the variation of the cutting process stability in terms of V was not a monotonous function. It should be noted that the cutting speed V can also affect the shear stress τ in the primary shear zone via the function τ(V, α). This effect was analyzed for different cutting speed V (from 50 to 600 m/min). It was observed that τ was weakly affected by V; this was due to the small value of strain rate sensitivity of the work material. To characterize the machined surface quality, different surface roughness parameters were used in the literature, such as the arithmetical average roughness [31, 37] and the average maximum height of surface [31, 38] . In order to illustrate the results of the present model, we present the influence of cutting process on the arithmetic mean deviation of the waviness profile W a . In this work, W a was determined from the simulated surface profile (the sampling length corresponds to the machined length). The influence of the tool rake angle α on W a is presented in Figure 4 . The decrease in α induced an increase in the cutting forces, and the cutting process became more unstable. Additionally, it is well known that the friction coefficient µ becomes larger during tool wear. Consequently, in order to simulate this effect, the friction coefficient was increased from µ to 1.25µ. Since the cutting forces increased with µ, the surface parameter W a was also an increasing function of µ (see Figure 5) . The results show that, during tool vibrations, the surface waviness is highly non-linear with respect to the cutting conditions. The resolution algorithm used in this study significantly reduced the computational times and made the iterative approach more stable. Thus, the influence of nonlinear vibrations could be analyzed by varying the cutting conditions over a wide range, and the model can be useful for selecting optimal cutting conditions.
Conclusions
This work focused on the correlation between the tool oscillations and the machined surface The results show that, during tool vibrations, the surface waviness is highly non-linear with respect to the cutting conditions. The resolution algorithm used in this study significantly reduced the computational times and made the iterative approach more stable. Thus, the influence of nonlinear vibrations could be analyzed by varying the cutting conditions over a wide range, and the model can be useful for selecting optimal cutting conditions.
This work focused on the correlation between the tool oscillations and the machined surface quality by using an analytical model and considering different non-linear mechanisms. The proposed The results show that, during tool vibrations, the surface waviness is highly non-linear with respect to the cutting conditions. The resolution algorithm used in this study significantly reduced the computational times and made the iterative approach more stable. Thus, the influence of non-linear vibrations could be analyzed by varying the cutting conditions over a wide range, and the model can be useful for selecting optimal cutting conditions.
This work focused on the correlation between the tool oscillations and the machined surface quality by using an analytical model and considering different non-linear mechanisms. The proposed approach allows analyzing the effects of cutting conditions on the machined surface considering the non-linear vibrations. The correlation between the surface quality, the cutting speed, the tool rake angle, and the friction coefficient was analyzed.
From this study, the following conclusions can be drawn:
• The used predictive model, including the thermoviscoplastic behavior of the work material, represents an alternative to the classical mechanistic approach which requires many experimental tests to determine the specific cutting coefficients.
•
The model takes into account the fact that the regenerative effect results in a variation over time of the cutting conditions (cutting speed, uncut chip thickness, tool rake angle) and the tribological behavior at the tool-chip interface.
• A new computational strategy reducing the computational times in the non-linear approach was developed.
The arithmetic mean deviation of the waviness profile W a is highly non-linear with respect to the cutting conditions.
The friction conditions at the tool-chip interface significantly affect the parameter W a .
